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ABSTRACT: We express the classical r-matrix of AdS/CFT in terms of tensor products
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expression obtained from a Yangian double. This should provide an insight into the struc-
ture of the infinite dimensional symmetry algebra underlying the integrability of the model,
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1. Introduction

Motivated by the AdS/CFT correspondence, integrable structures were discovered on both
the gauge theory side [l and the string theory side [{] (see [f] for reviews). Among the
main results has come the derivation of a scattering matrix [, fJj whose tensorial structure
turns out to be completely fixed by the centrally extended su(2|2)®su(2|2) symmetry of the
problem in its fundamental (2|2) matrix representation. The additional scalar (dressing)
factor [f] is constrained by the Hopf-algebraic analog of crossing symmetry [[f. Remarkable
advances in the exact determination of this phase factor have been recently made [§, P, as
well as progress in understanding the nature of the infinite dimensional symmetry algebra
underlying the planar integrability of the model [[0-[Z]. In [1J], in particular, a Yangian
symmetry has been advocated, and the hope for the existence of a universal R-matrix which
could reproduce the AdS/CFT scattering matrix upon choosing an appropriate representa-
tion, has been put on somewhat firmer grounds. The importance of having a universal form
for the R-matrix, namely, an expression purely in terms of generators of the corresponding
symmetry algebra independent of the specific representation chosen, comes from two basic
facts. The first one, is a better insight into the underlying symmetry responsible for the
integrability of the model. In particular, factorizing the R-matrix explicitly into an infinite
sum of tensor products of abstract generators allows to directly read off the symmetry
algebra. The operators appearing respectively on the left and on the right hand side of the
tensor product are dual to each other, and form a double in Drinfeld’s sense. The second
useful fact, is the accessibility to all possible scattering matrices for any representations
with a single expression. In other words, when taken in the appropriate representation,
the universal R-matrix can reduce to the one for the scattering of a bound state from an



elementary excitation, or between two bound states. The representations for bound states
have been studied in [[L4].

The presence of the Hopf algebra structure found in [[[§] precisely leads to the ex-
pectation of the existence of an infinite dimensional bialgebra equipped with a triangular
structure by the above R-matrix. In order to gain a better insight into this construction,
it is useful to study the classical limit of the R-matrix, namely a deformation around the
identity: the so-called classical r-matrix, which is a solution of the classical Yang-Baxter
equation. The relevance of the classical r-matrix relies on the fact that traditionally one can
reconstruct the full quantum R-matrix from the information encoded in its classical limit.
This is done by means of powerful theorems [[1g], which also allow a classification of the
possible symmetry structures arising. Roughly speaking, this procedure should correspond
to some analog of the exponential map between Lie algebras and Lie groups. For a detailed
explanation and motivations of the importance of the classical Yang-Baxter equation, the
reader is referred to [L7).

The program of analyzing the algebraic structure of the classical r-matrix was initiated
in [[[§, where also the residue at its simple pole at the origin was computed. This revealed
the appearance of the Casimir of the gl(2]2) superalgebra. Even though a rigorous applica-
tion of the above mentioned theorems is elusive, the properties of the residue suggest that
some version of the standard reconstruction theorems might still work. The plan of this
paper is precisely to extract from the classical r-matrix as much information as possible
about its universal form. The idea is to obtain a rewriting, which allows us to read the
form of the symmetry generators directly from the r-matrix.

In order to do that, we will look for what is called Drinfeld’s second realization of
Yangians [[[9]. That is, instead of a realization of the type discussed in [[J], given in terms
of Lie algebra generators and additional generators constructed recursively (Drinfeld’s first
realization), we will look for a set of generators parametrized by an integer label, which
simultaneously realize the whole Yangian algebra. These generators are traditionally the
ones which are employed for constructing the universal R-matrix. For further details about
such construction we refer to [B0], and to 1] for recent progress along these lines. The goal
of the present paper is to read these generators from a rewriting of the classical r-matrix
in a form suggestive of a Yangian double, and compute the commutation relations they
satisfy, which should become the defining relations of the desired Yangian algebra. We
remind that only on the double of the Yangian one can have a well-defined quasi-triangular
structure .

Let us explain the method we will use in a simple example, namely Yang’s classical
r-matrix. This is a solution of the classical Yang-Baxter equation of the form

C

—_— 1.1
= (1.1)

T =

1

where C' is the Casimir of g, with g being a Lie algebra.” One can extract information

Tt is very simple to realize that (EI) is a solution of [riz,713] + [r12,723] + [r13,723] = 0, when one
remembers that the Casimir operator commutes with the trivial coproduct of the Lie algebra generators,
and r lives in g ® g.



about the generators of the infinite dimensional symmetry algebra by factorizing it in a
geometric sum, 1/(zg — 1) = .00 2Pz, 1. If we now express the Casimir in terms of

an orthonormal basis C' =T* ® T%, we can see that r takes the form

o0
r=> TiaT%, , (1.2)
n=0

where the generators T} = T%x" are taken in the evaluation representation on both factors
of the tensor product. We refer to [[[7] for a description of the mathematical consequences
of such construction in the theory of Lie bialgebras.

We would like to follow the same strategy for the present case. The main difference
is that we will have sometimes to expand two denominators, according to the two poles
discussed in [[[§], one at 1/(xy — x1), one at 1/(x1x2 — 1). Nevertheless, we will find that
the complicated-looking expressions can be put into a rather simple and suggestive form:

[
r= Z(Qaa,n X 6aa,—n—1 - 6aoz,n & Qaa,—n—l + Q:n X j—n—l + jn X Q:—n—l
n=0
+ (mab,n ® 5\%bat,fnfl _mab,—n—l ® s/)\%ba,n) - (Saﬁ,n ® i360{,71171 _£aﬁ,—n—1 ® Eﬁa,n)) ;
(1.3)

where the generators will be defined in the main text. This form is reminiscent of what
one expects from the structure of a Yangian double. We will derive these infinite families
of generators in a particular representation, which directly emerges from the classical r-
matrix. We call the subscript n the level of the Yangian. At level-zero we recover the
original Lie superalgebra generators.

The generator J appearing in ([[.J) is proportional to diag(1,1,—1,—1), and extends
the Cartan subalgebra of sl(2]2) to gl(2]|2). Such an extension needs to be introduced on
general grounds. Whenever, in fact, the Cartan matrix of a Lie superalgebra is degenerate
(as in the present case for su(2|2)), one needs to introduce an additional Cartan generator
in order to make such matrix non-degenerate, and be able to invert it. The inverse of
the Cartan matrix extended in this way will appear in the universal R-matrix, together
with the additional Cartan generator [R0].2 In the present case, we follow the discussion
in RJ): in that paper, the original sl(2|2) Cartan subalgebra consists of the generators
H, = diag(—1,0,—1,0), Hy = diag(0,1,1,0) and Hs = diag(0,—1,0,—1). One has to
introduce an additional Hy = diag(—1,0,0,1) which completes the algebra to gl(z|2).
Then the extended Cartan matrix reads:

01 01
1 -1
R (1.4)
0-1 01
10 10

2 An alternative extension by sl(2) automorphisms has been considered in ﬂ, @, E] In particular in [@]
the Casimir operator for such an extension was considered.



If we re-express these generators in more familiar notation in terms of R = diag(1, —1,0,0),
£ = diag(0,0,1,-1), € = 1/2diag(1,1,1,1) and J = 1/2diag(1,1,—1,—1), the quadratic
form reduces to

(a9 H;H; = 5(9%2 — £2) 4227, (1.5)

which is reminiscent of the form ([[.). We will find that the coefficient of J,, vanishes for
n = 0. This is consistent with the result of [[d]. There, an analysis of the poles of the
classical r-matrix was performed, and the appearance of the Casimir of the superalgebra
gl(2|2) in the residue at x1 = x5 was shown. One thing to notice is that, nevertheless, the
terms of the R-matrix responsible for the exchange between two bosons and two fermions,
namely Cio and Fj2 in [fl], do not contribute to the residue at this pole. Therefore, the
residue has an additional symmetry, corresponding to the trivial coproduct of the generator
diag(1,1,—1—1), which enhances the algebra to gl(2|2). However, this symmetry is neither
of the full R-matrix, nor of the classical r-matrix, precisely due to these terms.

The plan of the paper is as follows: In section 2 we review the properties of the classical
r-matrix, introducing the conventions needed. In section 3 we perform our rewriting of the
entries of the classical r-matrix in terms of generators of a Yangian double, starting from
the easier non-diagonal part, and ending with the diagonal one. The new generators are
also introduced, whose commutation relations are presented in section 4. We conclude with
comments on the main directions of future development.

2. Review of the classical r-matrix

Our starting point for the rewriting ([.J) is the classical r-matrix given in [[§]. Though
the su(1]2) basis was adopted there, it turned out to be the so-called string basis [LT] that
makes direct contact with the string theory computation. Here we would like to briefly
review the classical r-matrix in the string basis. The R-matrix R = Il o § is constructed
from the graded permutation II and the S-matrix S given in [[l, fj] (see also the comments

in [):

a 1 U a 1 U a 1 a. (0%
Ri2|d{¢h) = 5 (A2 — Bm)ﬁllqﬁ@@ + §(A12 + B1z)ﬁ;!¢l{¢z> + 50l beapltfUl)

1 1 1 1
Rzl = —§(D12 — B[Sy — §(D12 + En)|vivg) — §F12—€aﬁ€ab|¢’f¢3>a

Us
1
Ria|¢§uy) = G1272|¢L117/)§> + Hialy) 03,
U
Rz 8) = LioUs |48 8) + K127;|¢If¢§é> ; (2.1)



with U = y/xt /2~ and Ajq, Bia,... given by

e e 1 —g¢?/2zfay of —xf
App=—"—+ Big=———|1- )

+ - - _ -
Ty —3:1 T, — X 1—g%/2x] x5 Ty — x]
+_ ot
c g’Yl’YQ 1 Ty — T
arfrd 1 —g2/2x7xy vy —af’
1 %2 1 T2 Ty 1
1—g¢%/2x 7 af ©; —a]
Dy = -1, E12=—<1—2 2/ el
1—g%/2z]af o5 — ]
Nt —
Fpy = 2a(ay —xy)(zy —a5) L Ty — Ty
- [ — — )
V17227 Zg 1—g?/20fay oy —af
+_ o+ -
G Tog — 1 H Ty —
2= """, 2= _——"—"—7,
Ty — ] Y2 xy — Xy
— — + —
Ty — Yox] —x
2 1 1 1
Lygy=——F-, Kpop=——". (2.2)
Ty — T 1Ty — Ty

We adopt the parametrization of [J] for the variables z:

xi(x):£< I S C), (2.3)

2¢ (x—2z7 12 x—21

and we take ¢ = 1/(v/2g) (= 2m/v/) in terms of the 't Hooft coupling constant A\ = g2,;N)
as a deformation parameter, namely expand all formulas around ¢ = 0 keeping x fixed.
This corresponds to the near BMN limit [24]. The classical r-matrix is defined by the

infinitesimal deviation from unity of the R-matrix:
Ris =1+1iCrs . (2.4)
After some computations we find that it is given by

(22 + 22) (2222 + 1) — 42222 2z

el = e @~ Dl =)t e = 1) 1)
+ e, (2.
raUfvy) = ﬁéff@ —yleve) - ﬁéff@ —ylvrs)
22
PR T 1><x2xixf><w1w2 S 20
rial¢fus) = (;ﬁ(ﬁj@f” Sl + 2 ff( —lees), (27)
rofugey = I _yegn 22 e 28)

(z2 — x1) (2% — 1) Y (z2 — z1)(zF — 1)

We would like to rewrite this classical r-matrix in terms of the su(2|2) generators %,
£%3, 9%, 6%, with the central element €, and their infinite Yangian partners labeled by



an integer n, whose fundamental representation for n = 0 is given by

4|6 = B510°) — 2051} (29)
£lu7) = %) — 2557, (210)
and
Q%l¢") = ady|v*), Q%[ = bePea|¢’) (2.11)
6°al¢") = ceeaplv?) & aly?) = dig|e") . (2.12)
as well as
elo") = Clo),  ely) = O, (213)

with a,b, c,d defined by the limit { — 0 of the corresponding variables introduces in

(see also [g])

2(a =z iy 1 1 22
_ p— D2 — d=—-——"—— . 2.14
“e=7 iy 22 —1" €= 2az’ vyx2 -1 (2.14)
It is understood that a scales as (~! and + is of order 1 in the classical limit. An additional
operator J whose eigenvalue vanishes for n = 0 will be introduced later.

3. Classical r-matrix as a Yangian double

After reviewing the expression for the classical r-matrix in the previous section, here we
would like to embark on our project of rewriting the classical r-matrix (2.§)-(2.8) in terms
of generators as in ([.3). Since each sector is independent, we shall start with the easier

off-diagonal sector, and then turn to the diagonal sector.

3.1 Fermionic sector

First, let us concentrate on the combination of two fermionic generators, which only affect
the last terms in (2.5)—(R.§). For this purpose we note that half of the coefficients from
each term can be expressed as

D o0
Y172 1 _ n+l _ -n —n—1
T i DL S M DL
2a 117 =— i bix]" - doy " = Z dyx} - boahy T
i (2} — 1)(3 - 1)(561562 -1) ! - ’
o0
71 —n n+1
alx d2x = — 1T b2$ 5
Yo ( Ty — xl Z 1° 2 nz;] 1
72 332 +1 = 1
= bizi " - coxh T = diz? a5, (3.1
Fo g 1o Z N 5 NZ% T ag; (3.1)



in an appropriate domain of convergence. Since the action of two fermionic generators on

two excitations goes as

Q% ® 6% 0} ¢5) = arcac™ess |7 13) 6% @ Q%a|¢}¢5) = cragees, [¥)])
0% ® 6% [ 13) = —bidae™enc|d}dS), &% @ Q%[ v]) = —diboeT el )
) )
) )

0% ® 6%|¢}1]) = arda|y]dh) 6% ® Q%|d5¥3) = c1ba|yh] dh)
0% ® &% [y ¢5) = —bica|$515) &% ® Q%Y1 d5) = —dras|¢$us),  (3.2)

we find that in the fermionic sector the classical r-matrix can be expressed as

e}

— Z(Qaavn ® éaa7_n_1 -6% . ® ﬁaa,—n—l) ; (3.3)

n=0

d
26

with Q% n, ﬁo‘a,n, 6%,n and éaam defined by

Qaa,n = ﬁaa,n = Qaa ('Ing + xian) 3 (34)
G n = 6% = &% (z7"I, + 2"11) . (3.5)

The operators 1I, and Il; are projectors in the bosonic and fermionic subspaces respec-
tively, namely in matrix notation I}, = diag(1,1,0,0) and IIf = diag(0,0,1,1). Note that
both operators without hats Q%,,,, &%, and operators with hats ﬁaam, @“a,n have the
same expressions, though the operators without hats are only defined for n > 0 while the
operators with hats are only defined for n < 0. Note also that the expression in (B.3) should
be regarded as a formal series. After acting on states, we interpret the summation as an
analytical continuation from the result obtained in an appropriate domain of convergence.
Equivalently, one could act on the r-matrix with the operator (D, ® 1) 3], where the
operator D, multiplies any generator at level n by the representation-independent param-
eter pl”l, perform the series in a domain of p where one has convergence, and analytically
continue to p = 1 at the end.

3.2 Bosonic off-diagonal sector

Now let us turn to the bosonic off-diagonal sector. We would like to rewrite the second
terms in (R.5) and (R.6) into the operator doubles. Here the coefficient can be rewritten as

21‘11‘2 i(
=Y (In+ Unsln+20es — 0+ 2 [0+ 1), (3.6)
(.%'2 - .%'1)(.%'1.%’2 - 1) =0
because of
T1T2 _ i[n + 1] xn+1 _ i[n + 1] xfnfl
- xX - xX
(rs—an)(may — 1)~ & T T LT e
o o0
= —Zx?ﬂ[n—i—l]m = —le_"_l[n—i—l]m : (3.7)
n=0 n=0



Here we have introduced a g-number [n], by

n

q"—q

p—— (3.8)

[n]g =
Since the action of the operators %, @ Rb, and £9% ® £8 ., takes the form
a C C 1 C o 1
Ry © Nal¢i6h) = |0105) — 510709), L% @ Lalylvs) = [W1v3) — Sllve),  (3.9)

we can rewrite the classical r-matrix in this sector as

[e.e]

= Z ((mab,n & %baﬁn71 — 9%“1,7_,1_1 ® ﬁbam)

n=0

r

RE

(L%, @ P 1 — L% ® Eﬁa,n)) , (3.10)
with R% ., R, £, and £2 5, defined by

mab,n = [’I’L + 1]Imab, S/)\%ab,n = —[TL - 1]:vmab, (311)
%0 = [N+ 1%, £%n = —[n—1].£% . (3.12)

In this case, all of R%,,, S/)\%“bm, £% , and Eo‘gm are defined for both n > 0 and n < 0.
Note that there are ambiguities in this rewriting because of various expressions in (B.7).
Our current choice is partially motivated by its rather symmetric form, and partially by
the closure of the commutation relations, which will be the subject of our next section.

3.3 Bosonic diagonal sector

Finally let us consider the diagonal sector. We assume that the Cartan subalgebra of
su(2) x su(2) (generators R and £%3) is already taken care of in (B.10) by suitably
completing the set of indices contracted. This is simply due to su(2) x su(2) covariance of
the string basis. The remaining diagonal part we would like to rewrite into the form of a
Yangian double is therefore

raloidh) = [ x+><)(x —xl;l)—_ f)(— R e L A
) = |~ e

rulofuf) = o) 4

rolug ) = I ey ) (3.13)

(22 —x1)(2] = 1)

The extra term in the squared parentheses comes from rearranging the operator action
as (B.9). Note that the phase of the S-matrix was undetermined in [}]. Hence the diagonal
sector has the ambiguity of an overall shift, corresponding to an overall scalar factor at
the level of the full quantum R-matrix. In this paper, we will still freely add and subtract



such terms when needed, but they should later be determined by some generalized crossing
symmetry emerging from the construction.
Inspired by the argument in the introduction, we would like to make use of the following

generators
¢n‘¢a> = Cn‘¢a> ) Q:n’7/1a> = CnW’a> ) (3-14)
Inld®) = In|d®),  Tnlp®) = —In|y®) . (3.15)
If we assume the classical r-matrix can be expressed as

o0
— Z(% RT 1 +In® e:_n_1> : (3.16)
n=0

this means we have to match (B.13) to
r12 @03 =Y (Col o1 + InCop1)|6idh) + -+
7'12|¢(11¢2 Z( c I,n,1 - InC,n,1)|1,Z)f‘1/)2> te
> (-

d
3

)
T12|¢(11¢2> Cpl p1 + Inafn—1)|¢‘117/)g> +o
1ot 0h) =3 (Culny — ICon1)[U5e3) + -, (3.17)

up to an overall shift. Here the first factors C), or I, are understood in the representation

labeled by x; while the second factors [_ _q or C _1 are in the zo one. For this to be

possible, we need a rather non-trivial identity:

(22 + 22) (2223 + 1) — 42223 2x129 _ wa(matm)
(w2 = 21)(m1z2 — D(af - (@3 - 1) (@2 —a)(@zz—1) (22— 21)(23 — 1)
z1(xe + 1)

(@ —a) (@ - 1) (3.18)

In fact, this identity holds! Subtracting half of the above quantity to normalize the classical

r-matrix properly, we find?

(x% + x%)(m%x% +1)— 4x%x%

ris|¢ieh) = s — ) (enms — D~ D) D) |685) + -,
riayfy) = (m(fzr)fjig%fg&z — leif_ 0 YRUs) + -
rulofo) =~ o)+
risluf'o) = (2@ - ng ff)l) U504+ (3.19)
with
nzoc"f‘"‘l T 2wy — xlg)c(i(cfi_—li)( —1)° (8:20)
i 1,0yt = oy — 1) . (3.21)

2(xg — 1) (129 — 1)(1‘% -1)

3Tt would be interesting to understand the relation between this subtraction and the dressing factor.



Choosing

xn+1 + xfnfl

Cr = O = Ty (3.22)
~ 1
I,=1,=-(@"—z™"), (3.23)

2
we find that formula (B.I7) holds. Again, there are ambiguities in rescaling C,, and I,.
Our definition is motivated by the commutation relations in the next section. Note that
Iy vanishes identically, which is expected from the argument in the introduction.

4. Commutation relations

In the previous section we have rewritten the classical r-matrix in terms of generators of a
tentative Yangian double. In the process, we have defined level-n operators Q% n, 6%.n,
R%n, £%8n, €, (and J;,) and their duals, which reduce to the original su(z2|2) generators
Q%, 6%, R%, £93, € at level-zero. Here we would like to investigate their commutation
relations.

Originally the operators Q% ,,, 6%, €, and J,, are defined only for n > 0 while their
duals are defined only for n < 0. Since both these operators and their duals share the same
expressions as can be seen in (B-4), (B.5), (B-22) and (B.29), let us combine the formula
by extending their definition for n < 0. On the other hand, the duals of the operators
R% ., (B-11) and £%4,, (B-19) can be obtained from the original operators by substituting
n with —n. We will not consider them in the commutation relations. To summarize, we
would like to study the commutation relations between the operators Q% ,, &% n, R%n,
£9 n, €, and J,,, where the indices run over positive and negative integers.

We would like to remark that at the present stage it is difficult to exclude that the
following commutation relations could be accidental to our representation, and need to

be modified later. In particular, it is impossible from (B.11)), (B.12), (B.22) and (B.29)
to distinguish between R%,,, and —R%, _,,_», between £%3,, and —£% _,_2, between €,

and €_,_ - and between J, and —J_,. Here we have chosen to present them in the most
compact form as we could find.

Acting the operators {Q%;,,, 85, } on the bosonic state [¢¢) and the fermionic state
|¢)7) respectively using (R.11]) and (R.1J) and reinterpreting the result as the action of a
single bosonic operator with the help of (P.9) and (-10), we find

{Q%m, 6%} = 05L% min + 05 R amsn + 0065 i - (4.1)
This is the higher level analogue of the commutation relation:
{Q%, 8%} =008 + 05R% + 5,63¢ . (4.2)
This result justifies our definition of R%,,, £%3, and €, in (B.11), BIF) and (B.29).
Similarly, we find
20«
{Qaa,maﬂﬁb,n} = CT [eo‘ﬁeab@n_n_l + eaﬁec{a%cb}ﬂn_n_l + Eabe’Y{agﬁ}%m_n_l] R (4.3)
1
2Ca

{Gaa,ma 6bﬁ,n} = [Eabeaﬁgmfnfl + 6ozﬁecﬁ{mgﬁ{b}c,mfnf1 + Eabefy{a’gwﬁ},mfnfl] 5 (44)

,10,



where parentheses enclosing indices denote symmetrization (dividing by two). In the com-
putation the following formula is useful.

e = 0620y —038%,  6lepe + Ofeca + 0eqy =0 . (4.5)

At level zero, one recovers from (f.3), (4), (B:29) and (R.14) the two central extensions
P = ab and K = cd of the superalgebra su(2]2). The reader might find unpleasant the

appearance of the factor 2{« in the commutation relations. We can always get rid of it by
rescaling the generators by Q% , — Q% »/v2Ca and &%, — 6% nv/2C.

The commutation relations between one bosonic and one fermionic operator read

|m+1]—1
. 1
9% ] =sign(m+1) > (<00 + 505 erin),  (46)
l=—|m+1]+1
[m+1|—1 1
[Rm, 6] = sign(m + 1) Z / <5§6a%l+n - §5gecml+n) ) (4.7)
l=—|m+1|+1
|m+1]—1 1
€%, Q] =sign(m +1) >’ (5gaacvl+n - g(sgmcm) : (4.8)
l=—|m+1]+1
[m+1|—1 1
[£%8.m: &% ,n] = sign(m + 1) Z , <_53666J+n + §5g667,l+"> : (4.9)
l=—|m+1|+1

Here we have to expand the g-number [m + 1], attached to the bosonic operators %,
and £%3,, by

lm|—1

[m], = sign(m) Z ' oat, (4.10)

I=—|m|+1

because only monomials are attached to the fermionic operators Q7., and &¢, ,. Note
that sign(n) is defined to be 1,0, —1 for n > 0,n = 0,n < 0 respectively, and the prime ’
in the summation symbol >’ indicates that the summation is taken by steps of two.

Now let us turn to the commutation relations between two bosonic operators.

|m+1|+|n+1|-2

(R, Rog] = sign(m + H(n+1) Y’ (559%“01,1 - 539%%7[) , (4.11)
I=||m+1]—|n+1]|
|m+1]+|n+1|—2

€%y &750) = sign(m + D(n+1) Y <5g20‘571 - 53*2’7571) . (4.12)

I=||m+1|—|n+1||

Here we have to expand the product of two g-numbers in terms of the following summation
of g-numbers:

[m|[+|n[-1

[m]g[n]; = sign(mn) Z "l (4.13)

I=[|m|—|n|[+1
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Finally the commutation relations between the fermionic operators Q% ,, and &%, .,
and our parity operator J, are non-trivial:

[Qaa m» jn] = Qaa,m—I—n - Qaa,m—n ) (4'14)

)

[6%m, In] = —6%min + S%am—n - (4.15)

5. Conclusions

We have expressed the classical r-matrix of the AdS/CFT correspondence in terms of a
Yangian double, or an infinite series of tensor products of operators. We have also studied
the commutation relations among these new generators. We hope our result will clarify
the underlying symmetry, and give a clue to the construction of the universal R-matrix of
the model.

We shall list some of the main future directions to prosecute our work.

e The most important development will be to obtain along these lines a universal
expression for the full quantum R-matrix. We believe that the formula in this paper
can be rather suggestive of the appropriate completion, but a full derivation is still
to be worked out.

e The appropriate coproduct and Hopf algebra structure have to be defined for the
generators we constructed, in order to study the infinite dimensional symmetry of
the R-matrix. This is traditionally presented in the Chevalley basis, rather than in
the Cartan-Weyl one.

e One should make contact with Beisert’s formulation of the Yangian symmetry given
in Drinfeld’s first realization in [[L3], and show the relationship with the one presented
in this paper.

e The question whether our expression ([[.J) is truly “universal” can also be addressed
by studying the double structure of the classical r-matrix for the bound states [[[4].
We would like to see whether the classical r-matrix for the bound states can also be
rewritten as the same Yangian double satisfying the same algebra.

e So far the main results on the integrable structure of the dilatation operator in the
Super Yang-Mills theory are restricted to the sector of the single trace operators or
the single string states. It would be interesting if this integrable structure can be
lifted to multi-trace operators or multi-string states. The correspondence between
the symmetry generators of matrix string theory (gauge theory) and those of light-
cone string field theory on the flat space (string theory) given recently in [R5 may

give a clue to this question.
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